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Soft set theory was proposed by Molodtsov in 1999 to model some
problems involving uncertainty and it has a wide range of theoretical
and practical applications. Soft set operations constitute the vital
building block of soft set theory. Since its introduction, several kinds
of soft set operations have been proposed. In this study, in order to
advance the soft theory, a new soft set operation known as the
complementary extended lambda operation is described in this study,
and all of its characteristics are thoroughly examined, and to obtain the
relationship of the operation with other soft set operations, the
distribution of this operation over other type soft set operations are
examined.
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0z

Esnek kiime teorisi, 1999 yilinda Molodtsov tarafindan belirsizlik i¢eren
bazi problemleri modellemek amaciyla ortaya atilmig olup, genis bir
teorik ve pratik uygulama alanina sahiptir. Esnek kiime islemleri esnek
kiime teorisinin dnemli yap1 tagini olusturur. Baglangictan bu yana gesitli
tiirlerde esnek kiime islemleri tanimlanmistir. Teoriye katki saglamak
amaciyla bu ¢aliymada tiimleyenli genisletilmis lamda iglemi olarak
adlandirilan yeni bir esnek kiime iglemi tanimlanmis, tim 6zellikleri
ayrmtili olarak ele almmis ve islemin diger esnek kiime islemleriyle
iliskisinin elde edilmesi igin, bu islemlerin diger tip esnek ayarlama
islemlerine gore dagilimi incelenmistir.

To Cite: Sezgin A, Akbulut E, Demir H., 2025. A new type of extended soft set operation: Complementary extended lambda

operation. Kadirli Uygulamal Bilimler Fakiiltesi Dergisi, 5(1): 1-28.

1. Introduction

Probability theory, interval mathematics, statistics, intuitive fuzzy set theory, and fuzzy

set theory are some of the most well-known and commonly used mathematical theories for
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modeling uncertainty. One of the most prominent theories among these theories is the fuzzy set
theory. Since this theory contains some structural difficulties, there has been a need for different
theories. A fuzzy set is defined through its membership function. Since it is difficult to create a
membership function for each case, the nature of the membership function is highly
individualized. Therefore, there has been a need for a set theory independent of the formation
of the membership function. The Soft Set Theory proposed by Molodstov (1999) has eliminated
the problems arising from the membership function. Molodstov has transferred soft set theory
to many areas of mathematics. Operations research, game theory, probability, measurement
theory, continuously differentiable functions, Riemann's integration, and Perron's integration
are the areas where soft set theory has been successfully used.

Soft set operations constitute the basis of soft set theory, as studies on both soft algebraic
structures and soft decision-making methods are based on soft set operations. In this regard,
Maji et al. (2003) started the inspiring studies on soft set operations. A more widely accepted
definition of soft subset than the one defined by Maji et al. (2003) was proposed by Pei and
Miao (2005). When the studies of soft set operations such as Maji et al. (2003), Ali et al. (2009),
Ali et al. (2011), Sezgin and Atagiin (2011), Sezgin et al. (2019), Stojanovic (2021) are
examined, it is seen that soft set operations proceed under two separate headings as restricted
and extended operations. Eren and Calisic1 (2019) proposed a new form of soft set operation
for the literature and Sezgin and Caligic1 (2024) improved the work of Eren and Calisici (2019)
and studied the properties of the soft binary piecewise difference operation comparing it with
the difference operation in classical sets. Cagman (2021) and Sezgin et al. (2023c¢) studied new
binary set operations, and these operations were transferred to soft sets by Aybek (2024).
Besides, some new forms of soft set operations, different from the restricted and extended forms
of operations were introduced by various authors (Sarialioglu, 2024; Akbulut, 2024; Sezgin and
Aybek, 2023; Sezgin and Akbulut, 2023; Sezgin and Dagtoros, 2023; Sezgin and Demirci,
2023; Sezgin and Sarialioglu, 2024; Sezgin and Yavuz, 2023a; Sezgin et al., 2023a; Sezgin et
al., 2023b; Sezgin and Atagiin, 2023; Sezgin and Cagman, 2024), and soft set operations, one
of the most fundamental elements of soft set theory, have been studied by researchers since the
theory was introduced.

Moreover, different types of soft eqaulities were defined and some important equivalance
relations were obtained with these different types of soft equalites as Jun and Yang, 2011; Liu
etal., 2012; Feng and Li, 2013; Abbas et al., 2014; Abbas et al., 2017; Al-shami, 2019; Alshasi
and El-Shafe, 2020; Ali et al., 2022. Studying the soft algebraic structures of an algebraic
structure and other types of soft sets has been of interest by the researchers as Sezer, 2014;
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Mustuoglu et al., 2015; Ali et al., 2015; Sezer et al., 2015; Mahmood et al., 2015; Sezgin et al.,
2017; Atagiin and Sezgin, 2018; Sezgin, 2018; Mahmood et al., 2018; iftikhar and Mahmood,
2018; Jana et al., 2019; Mahmood, 2020; Ozlii and Sezgin, 2020; Sezgin et al., 2022. Soft set
theory and fuzzy set theory in different aspects have both theoretical and application aspects
and they have been applied to decision making problems and real-life problems succesfully as
Ozer, 2022; Ozlii, 2023a, 2023b, 2024, Ozlii et al., 2024.

In the scope of algebra, one of the most important mathematical issues is to analyze the
properties of the operation defined on a set to classify algebraic structures. In this study, we
define a novel type of soft set operation called complementary extended lambda operation and
we discuss its properties to contribute to the theory of soft set literature theoretically. In order
to determine the relationship between the complementary exteneded lambda operation and
other soft set operations, the distribution of complementary extended lambda operations over
other kinds of soft set operations such as; restricted soft set operations, extended soft set
operations and soft binary piecewise operations are examined and many interesting results have

been obtained.

2. Preliminaries

Definition 2.1. Let E be the parameter set, U be the universal set, P(U) be the power set
of U, and M € E. A pair (F, M) is called a soft set on U. Here, F is a function given by F: M —
P(U) (Molodtsov, 1999).

Sg(U) denotes the set of all soft sets over U throughout this paper. Let M be a fixed subset
of E, then the set of all soft sets over U with M is indicated by Sy (U). In other words, in the
collection Sy (U), only soft sets with the parameter set M are included, while in the collection
Sg(U), soft sets over U with any parameter set can be included.

Definition 2.2. Let (F, M) be a soft set over U. If F(v)=0 for all veM, then the soft set
(F, M) is called a null soft set with respect to M, indicated by @y. If for all veM, F(v)=U, then
the soft set (F, M) is called a whole soft set with respect to M, indicated by Uy;. The relative
whole soft set Ug with respect to E is called the absolute soft set over U (Ali et al. 2009). A soft
set with an empty parameter set is indicated by @, called by empty soft set, and @ is the only
soft set with an empty parameter set (Ali et al., 2011)

Definition 2.3. For two soft sets (F,M) and (G,Y), we say that (F, M) is a soft subset of
(G,Y) and it is indicated by (F,M) € (G,Y), if M €Y and F(v) € G(v), for all véM. Two



soft sets (F, M) and (G, Y) are said to be softequal if (F, M) is a soft subset of (G, Y) and (G, Y)
is a soft subset of (F, M) (Pei and Miao, 2005).

Definition 2.4. The relative complement of a soft set (F, M), indicated by (F,M)", is
defined by (F,M)" = (F',M), where F': M — P(U) is a mapping given by (F, M)" = U\F(v)
for all v € M (Ali et al. 2009). From now on, U\F(v)=[F(v)]" will be designated by F’(v) for
the sake of designation.

Cagman (2021) defined two new complements as inclusive and exclusive complements.
+ and 6 denote inclusive and exclusive complements, respectively, and M and N are two sets,
these binary operations, M+N=M'UN, MON=M'NN'. Sezgin et al. (2023c) analyzed the
relations between these two operations and also defined three new binary operations and
examined their relations with each other. Let M and N be two sets, then M*N=M’UN’, MyN=
M’NN, M AN=MUN’

Let ® denote N, U,—,A,A,y,0, +, *. Then, all the types of soft set operations may be
given with the following generalised definitions:

Definition 2.5. Let (F, M), (G,Y) € Sg(U). The restricted ® operation of (F,M) and (G, Y)
is the soft set (H,Z), denoted to be (F,M) ®g (G,Y) = (H,Z), where Z=M Nn'Y # @ and for all
vEZ H(v)=F(V) ® G(v). Here, if Z=M N'Y = @, then (F, M) ®R (G, Y)=0y (Alietal., 2009;
Ali et al, 2011; Sezgin and Atagiin, 2011; Aybek, 2024).

Definition 2.6. Let (F, M), (G,Y) € Sg(U). The extended ® operation (F, M) and (G,Y)
is the soft set (H, Z), indicated by (F, M) ®(G, Y) = (H, Z), where Z =M U Y and for all v €
Z,

F(v), VEM-Y
H(v) = G(v), VEY—-M
Fv) ®G(v), veMnY

(Maji et al., 2003; Ali et al., 2009; Sezgin et al., 2019; Stojanavic, 2021; Aybek, 2024).
Definition 2.7. Let (F,M), (G,Y) € Sg(U). The complementary extended ® operation

*
(F,M) and (G, Y) is the soft set (H, Z), indicated by (F, M) ® (G,Y)=(H, Z), where Z =
€

MuUYandforallv ez,

F'(v), VEM-Y
H(v) = G'(v), VEY—-M
Fv) ®G(v), veEMNY

(Sarialioglu, 2024; Akbulut, 2024; Demirci, 2024).



Definition 2.8. Let (F,M), (G,Y) € Sg(U). The soft binary piecewise ® of (F, M) and
(G)Y) is the soft set (H,V), indicated by (F, M)C:)(G, Y) = (H, M), where for all ve M

_ F(v), VEM-Y
H(v) = {F(V) ®Gv), vVEMNY

(Eren, 2019; Sezgin and Yavuz, 2023b; Yavuz, 2024; Sezgin and Calisici, 2024,).

Definition 2.9. Let (F, M), (G,Y) € Sg(U). The complemetary soft binary piecewise &

*
of (F, M) and (G,Y) is the soft set (H,M), indicated by (F, M) ~ (G,Y) = (H, M), where for all
®

VvEM

_ F'(v), VEM-Y
W) = {F(V) ®GW), vEMNY

(Sezgin and Demirci, 2023; Sezgin and Sarialioglu, 2024; Sezgin and Atagiin, 2023; Sezgin
and Aybek, 2023; Sezgin and Dagtoros, 2023; Sezgin et al. 2023a, 2023b; Sezgin and Yavuz,
2023a; Sezgin and Cagman, 2024).

For the possible future graph applications and network analysis as regards soft sets, we refer to

Pant et al. (2024) which is motivated by the divisibility of determinants.

3. Complementary Extended Lambda Operation

In this section, complementary extended lambda operation is introduced, and its full

algebraic properties are analyzed in detail.

Definition 3.1. Let (F, T) and (G, Z) be two soft sets over U. The complementary extended
lambda operation of (F, T) and (G, Z) is the soft set (H, C), indicated by (F, T);\k (G,2)=(H,0),
&
where for all ®eC=TUZ;

F(w) weT\Z
H(w)=" G’ (w) weZ\T
F(ug)uG’(w) weTNZ

Example 3.2. Let E={e;,e;,e3,e4} be the parameter set and Z={e;,e;} and

B={e,, e3, e, } be two subsets of E and U={h;,h,,h;,h,,hs} be the universal set.
Assume that (F,
Z)={( ey {hz hs}),(e3,{hy,h;,hs}H}(G,B)={(e;,{hys,hs,hs}),(e5,{hy,h3,hs}),(e4,{h3,hs})} be

E3
soft sets over U. Let (F,T) 1. (G.2)=(H,TUZ), where for all w) € TUZ;
&



F’(w) weT\Z
H(w)=- G’(w) weZ\T

F(w)UG’ () weTNZ
Here, since TUZ={e;.e;.e3.e.}, T\Z ={e;}, Z\B={e,.e,}, TNZ={e3},

H(e,) =F'(e1)={ hy,h3,h,}, H(e;) =G'(ez)={h;,hs}, H(es) =G'(e4)={hy,hy, hy} and
H(e3)=F(e3)UG’(e3)= {hy,hy,hs}.

*
Thus, (F,T) }\E(G,Z)={(el,{hl'h3, h,}), (e2,{hz,h3}), (€3, {hy, hy, hs}), (eq,{ hyhyhe}))
Proposition 3.3. ;\ is closed in Sg(U).
&
Proof: 5 : Se(U)x Se(U)— Se(U)
&

((E.T), (G,2)) - (ET) ;‘\8 (G,2)~(H,TUZ)
Similarly,

1. SHU)X S1(U)= S(U)

(ET), (GT) =~ (1) 5 (G T)=K.TU T)=(K.T)
&
That is, when T is a fixed subset of the set E and (F, T) and (G, T) are elements of St(U),

then so is (F,T) * (G, T). Namely, St is closed under ) as well.
Ae Ae

Proposition 34. [(F, T) y (G, 2)] 5 (HM)# (FT) 5 [(G,Z) 5 (HM)]
& & & &
Proof: Firstly, let's consider the left hand side (LHS). Suppose (F,
T) ;; (G,2)=(S,TUZ), where for all @weTUZ;

F(w) weT\Z
S(w)= 1 G'(w) weZ\T
F(w)uG’ (i) weTNZ
Let (S, TUZ) ;S(H, M) =(R,(TUZ)UM)), where for all ye(TUZ)UM,
S’ (w) we(TUZ)M
R(w)=1 H’(w) weM\(TUM)
S(WUH’ () we(TUZ)NM



Hence,

| Fw) we(T\Z)\M=TNZ M’

G(w) wWe(Z\T) \M=T"NZNM’
F(w)NG(w) we(TNZ) \M=TNZNM’
R(w)=1 H'(w) weM\(TUZ) =T’NZ’NM
F(w)UH’ (w) we(T\Z) NM=TNZ’NM
G (w)UH’ () we(ZT) NM=T"NZNM

[F(w)NG(w)]UH () we(TNZ)NM=TNZNM
*

(G, Z) , (HM)=(L,ZUM), where for all yeZUM;
&

G’ (w) weZ\M

L(w) ={ H(w) weM\Z
Gwy)UH () weZNM

*
(F, T) A (L,ZUM) =(N,(TU(ZUM)), where for all yeTUZUM;
&€

F(w) weT\(ZUM)
N(w)= | R’(w) wWe(ZUM)\T
F(w)UR () weTN(ZUM)
Hence,
| F(w) wWeT\(ZUM) =TNZ’ M’
G(w) we(Z\M) \T=T"NZNM’
H(w) we(M\Z) \T=T"NZ’'NM
Nw)= G’(w)NH(w) we(ZNM) \T=T’NZNM
F(y)uG(w) weTN(ZM) =TNZNM’
F(wy)UH(w) weTN(M\Z) =TNZ’NM
F(w)U[G’ (w)NH(w)] weTN(ZNM) =TNZNM

*
Thus, (R, (TUZ) UM)#(N,TU(ZUM)). That is, in the set Sg(U), A IS not associative.
&
Moreover, we have the following:

Proposition 3.5. [(F, T) ;;(G, ) ;S(H,T) = (F.T) ;g[(G,T) ;:g(H,T)].

Proof: Since [F’(w)NG(w)]UH’ (w)#F(w)U[G’(wy)NH(w)], in the set St(U), ;; IS not

associative
Proposition 3.6. (F, T) 5 (G,2)4G,Z) 5 (F.T).
& &
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Proof: Firstly, the parameter sets of the soft set on both sides of the equation is TUZ,

and thus the first condition of the soft equality is satisfied. Now let’s consider the LHS. Let (F,

*
T) AE(G,Z)Z(H,TUZ), where for all yeTUZ

F(w) weT\Z
H(w)=1 G’ (w) weZ\T
F(u)UG’ (w) weTNZ

*
Now consider the RHS. Let (G,Z) 5 (F,T)=(S,ZUT), where for all yeZUT,
£

G (w) weZ\T
S(w) ={ F(w) weT\Z
G(w)UF () weZNT
Hence,  (ET), (GAAGZ), (FT).  Bu,  if  ZNT=p,  then
& £

* * * *
(F,T) A (G,2)=(G,2) A (F, T), Moreover, (F,T) A (G,TYAG,T) A (F,T), Hence, in Sg(U)
& & & &
*
and St(U), 5 is not commutative.
&
*
Proposition 3.7. (F,T) 5 (F,T)=Ur
&
*
Proof: Let (F,T) \ (F,T)=(H,T). Hence, for all weT, H(w)=F(w)UF’(wy)=U, thus
&€
(H,T)=Uy. That is,;: is not idempotent in Sg(U).
&€
Proposition 3.8. (F,T) ;: @1=Ut
&

Proof: Let @1=(S,T). Thus, for all weT, S(wy)=@. Let (F,T) ; (S,T)=(H,T), where for
£
all weT; H(w)=F(wy)US’(w)=F(w)u U=U. Thus, (H,T)=Ur.

Proposition 3.9. (DT;\lF (F, T)=(F,T)"
&€

Proof: Let @1=(S,T). Hence, for all weT, S(w)=0. Let (S,T) ; (F,T)=(H,T), where for
&
all weT; H(w)=S(w)VF’ (y)=0 UF’(w)=F"(w). Thus, (H,T)= (F,T)".

Proposition 3.10. (F,T) , 8= 0 5 (F,T)= (F,T)
& &

Proof: Let @4=(S,0) and (F,T) ;\k (S, ®)=(H,Tu®), where for all yeTUP=T,
&

F'(w) weT\@=T
H(w)= | S’(w) wep \T=0
FwuS(y) weTNP=0



Thus, for all weT, H(w)=F(w), and so (H,T)=(F,T). Similarly, let
(S.8) 5, (F,T)=(K, BUT), where for all ye@UT=T;

&

S’ (w) weP\T=0
K(w)= F(w) weT\@=T

SV F(y) wedNT=0
Thus, for all weT, K(w)=F (), (K, T)=(F,T)

*k
Proposition 3.11. (F,T) 5 @g = Ug
&
*
Proof:: Let @g=(T,E). Thus, for all yweE, T(w)=0. Let (F,T) 1. (T.E)=(H,TUE), where
&

for all yeTUE=E;

[ F(w) weT\E=0
H(w)=1 T'(w) weE\T=T"

 F(w)uT’ () weTNE=T

Thus,

(F(y)  weT\E=9¢
H(w)= U webE\T=T"

U weTNE=T

For all yeE; H(w)=U, so (H,E)= Ug.

Proposition 3.12. (F,T) ;CSUT=(F,T)

Proof: Let Ur=(K,T). Thus, for all €T, K(u)=U. Let (F,T) ;\: (K, T)=(H,T). Hence, for
all yeT; H(w)= F(w)UT’ (y)=F(w)u 0=F(w).Thus, (H,T)=(F,T).

That is, in S(U), the right identity element of ;CS is the soft set Ur.

Proposition 3.13. Ut ;S(F,T): Ur

Proof: Let Up=(K,T). Thus, for all weT; K(wy)=U. Let (K,T) ;E(F,T)Z(H,T),
where for all weT;, H(w)=T(w)UF(y)=UUF’(w)=Ut. Thus, (H,T)= Ug. That is, the

*
left absorbing element of 5 in Sy(U) is the soft set Uy
&

Proposition 3.14. (F,T) 5 (F,TY=(F.T).
&



*
Proof: Let (F,T)=(H,T). Thus, for all weT; H(w)=F(w). Let (F.T) 5 (HT)=(L,T),
&
where for all weT; L(y)=F(w)UH’(y)=F(w)UF(w)=F(w).Thus, (L,T)=(F,T).
*
That is, in Sg(U), the complement of every element is its own right identity for .
e

%
Proposition 3.15. (F,T)"  (F,T)=(F,T)"
&€

*
Proof: Let (F,Ty=(H,T). Thus, for all weT, H(w)=F'(w). Let (H,T) 5 (FT)=(L,T),
&

where for all yeT, T(wy)=H(wy)VUF (yg)=F (y)UF’ (y)=F(w). Thus (L,T)= (F,T)".

That is, in Sg(U), the complement of every element is its own left absorbing element for

A
*
Proposition 3.16. [(F,T) L(GAHT=ET) ve (G.2).
&€
*
Proof: Let (F,T) \ (G,2)=(H,TUZ), where for all yeTU Z;
&
F’(w) weT\Z
H(w)= G’(w) weZ\T
Fu)uG’' () weTNZ
Let (H,TUZ) =(K,TUZ), where for all eTU Z;
F(w) weT\Z
K(w)=1 G(w) weZ\T
F’(w)NG(w) weTNZ

Thus, (K,TUZ)= (F,T) + (G,Z).

Proposition 3.17. (E,T) 5 (G, T)=0y <(F,T) = 87 and (G,T) = Ur.
&

Proof: Let (F,T); (G,T) = (K.T), where for all weT; K(w)=F(w)UG’(w). Since
&

(K, T)=0r, for all weT, K(w)=@. Thus, for all weT; K(wy)=F(y)uG’(w)=0 < forall oy € T,
F(y)=0 and G’(wy)=0 < for all yeT, F(wy)=0 and G(wy)=U <(F,T) = @1 and (G,T)= Uy

k * k
Proposition 3.18. @y E(F.T) 5 (G,2), 8, E(F.T) 4 (GZ), 0, E(GZ) 5 (BT),
& & €
* * *
Or €(G,Z) 5 (F,T). Besides, (F.T) 5 (G.2) € Upzand (G,Z) 5 (FT) € Upyr.
& € &
Proposition 3.19. (F,T) E(F,T) 5 (G,T) and (G,TY E(E,T) 5 (G,T)
& &

*
Proof: Let (F,T) 5 (G,T)=(H,Z), where for all weT; H(w)=F(®) UG’(w). Thus, for all
&

weT, H(w)=
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F(w) € F(w) U G'(w) ve H(w) = G'(w) € F(w) U G'(w). Thus, (F,T) E(F,T) ;\:(G,T) and
(G.TY EFT) ; (G.T)

Proposition 3.20. If (F,T) € (G, T), then (H,Z) ;;(G,T) E(H,2) ;;(F,T)
Proof: Let (F,T)E (G, T), where for all yeT, F(u)SG(w) and G’ () <SF’(w). Let (H,Z)
;g(G,T)Z(Y,ZUT), where for all yeZUT:
H’(w) weZ\T

Y(w)=- G (w) weT\Z
Hw)UG' (@) wezZNT

Let (H,Z) ;g (F,T)=(W,ZUT), where for all yeZUT;
H’ () weZ\T
W)= F(w) weT\Z
H(w)UF’ () weZNT
If weZ\T; Y(w)=H’(w), then W(w)=H’(w), and so Y(w)= H'(w) & H'(w)=W(w);
if yeT\Z, Y(w)=G’(w), then W(w)=F(w) and so Y(w)= G'(w) SF (w)=W(w); if yeTNZ,
Y(w)=H(w)VG’ () and 50 W(w)=F(y)UH’(w),Y ()= H(w) U

G'(w) SH(w)VUF (y)=W(w). Thus, for all weZUT; Y(wy)SW(w). Hence, (H,T) ;:(G,T)
&€
E(H,T) 5 (F.T).
&

Proposition 321. I (H.2) 5 (GT) E(H.2) 5 (), then (FT) & (G,T) needs not be
true. That is the converse of Proposition 3.20 is not true in general.

Proof: Let E={e,e,,e3,e4,€5,€6} be the parameter set, T={eq,e3}, Z={eq,e3,€e5} be
the subsets of E, U={h;,h,, h3,h,, hs} be the universal set, and (F,T), (G,T) ve (H,Z) be soft
sets over U such that (F,T)={(e;,{hy hs}).(e3.0)}, (G, T)={(e.D)}.(e3,0)},
(H.2)={(e1,U),(e3,U),(e5, D)}.

Let (H,%2) ;;(G,T)=(L,ZU T), where for all w € ZU T={e,,e3,€e5},
L(e;)=H(e;) UG’(e1)=U, L(e3)=H(e3) UG’(e3)=U, L(e5)=H'(e5)=U .

Thus, (H,Z) ;s(G,T) ~{(e.U).(e5,U).(es,U)}. Let (H.2) ;;(F,T)Z(W,Z U'T), where for

all w € ZU T={eq, e3,e5}, W(e;)=H(e;) UF’(e,)=U, W(e3)=H(ez) UF’(e3)=U,
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W(es)=H'(es)=U. Thus, (H.2), (FT) ={(ep,V), (e5U), (e U)}. Thus, (H2); (G,T)

S(H,2) ;\k (F,T), but (F,T) is not a soft subset of (G, T).
€
Proposition 3.22. If (F,T)E (G, T) and (K DE (L, 1), then
* ~ * k ~ *
(F:T) AS(L,T)Q(G,T) }\S(KvT) and (KaT) }LS(G’T) Q(L,T) )\E (FaT)

Proof: Let (F,T) € (G, T) and (K,T) € (L, T). Thus, for all  €T; F()) €G(w) and
K(w) €L(w). Thus, G’(w) €F’(w) and L’(w) €K’(w). Hence for all o €T; F(w)U
L'(0) €G(w) UK'(w) and K(g) U G'(w) SL(w) U F(w).

4. Distributions of complementary extended lambda operations over other type of
soft set operations
Theorem 4.1. Let (F,T), (G, 2),(H,M) be soft sets over U. The complementary

extended lambda operation has the following distributions over restricted soft set operations

1) LHS Distributions

DIf  TN@ZAM)=@, then  (F,T) ;:e[(G,Z) Ur  (HLM)=[(F.T)

* E 3
2, (G DINRIET) 5 (HM)]
Proof: Consider the LHS. Let (G,Z) Ur(HM)=(M,ZNM), where for all

*
weZNM; M(w)=G(w)UH(w). Let (F,T) )\E(M,ZDM)Z(N,TU(ZOM)), where for all

WeTU(ZNM);

F(w) weT\(ZNM)
N(w)=7 M’(w) WE(ZNM)\T

Fl)UM’ () oeTN(ZNM)

Hence,

F(w) WeT\(ZNM)
N(w)=| G’(9)NH’(w) We(ZNM)NT’

Fl)u [G(w)NH ()] 0eTN(ZNM)
*
Now consider the RHS. Let (F,T) 5y (G,Z)=(M,TUZ), where for all 9€TUZ;
&€

F(w) weT\Z
M(w)= G’(w) WeZ\T
F@UG'(w) weTNZ
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Let (F,T) 5 (HM)=(K,TUM), where for all weTUM;
£}
F'(w) WET\M

K(w)= H'(w) WeM\T

Flw)UH(0) @eTNM

Let (M,TUZ)NR(K,TUM)=(W,(TUZ)N(TUM)), where for all we(TUZ)N(TUM);,
W(w)=T(w)NK(w). Thus,

" F’(0)NF’(w) we(MZ)N(TWM)=TNZ"NM’
F'(9)nH’(w) we(MZ)NM\T)= 0
F’(w)N [F(w)UH(w)] we(T\Z)N(TNM)=TNZ’NM
G’ (9)NF(w) We(Z\THN(T\M)=0
W(w)= G’ (n)NH’(w) we(Z\T)N(M\T) =T"NZNM
G’ (w)N[F(w)UH’(w)] We(Z\T)N(TNM)= 0
[F(w)UG’(w)]NF’(w) we(TNZ)N(T\M)=TNZNM’
[F(x)UG’(w)]NH’ () we(TNZ)N(M\T)= @
| [F(w) UG (o) IN[F(w)UH (0)]  0&(TNZ)N(TNM)=TNZNM
Hence,
" F(w) weTNZ’NM’
F’(w)NnH’(w) weTNZ’NM
W(w)= G’(9)NH’(w) weT’"NZNM
G’ (w)NF’(w) weTNZNM’

_[F() UG’ (w)]IN[F(w)UH’(w)]  @weTNZNM
Here, when considering the T\(ZNM) in the function N, since

T(ZNM)=T\(ZNM)’, if an element is in the complement of (ZNM), it is either in Z\M,
in M\Z, or in (2UM)’. Thus, if @ € T\(ZN M, then e TNZNM’0or w€TNZ’NM or weE
TNZNM’. Thus, N=T under the conditions TNZ’NM=TNZNM’=@. It is obvious that
the condition TNZ’NM=TNZNM’=0@ is equivalent to the condition TN(ZAM)=0.

2) If TN(ZAM)=@, then (F,T) ;g[(G,Z) nr(HM)] = [(ET) ;;(G,Z)]

*
UR[(F’T) }\g(HaM)]
i) RHS Distributions

DIf  NZNM=p, then [(F.T) Ur(G,Z)] L(H,M)z [(F,T) ;g(H,M)] R
[(G2) 5 (M.
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Proof: Consider the LHS. Let (F,T) Ur(G,Z2)=(R,TNZ), where for all ®eTNZ;
R(w)=F(0)UG(w). Let (R,TNZ) ;\ (H.M)=(L,(TNZ)UM), where for all we(TNZ)UM;
&

R'(w)

we(TNZ)\WM
L(w)=1H(w) weM\(TNZ)
 R(w)UH’ () we(TNZ)NM
Hence,
F(9)NnG’(w) we(TNZ)M
L(w)="H(®) weM\(TNZ)
| [F(w)UG(w)]UH ()  we(TNZ)NM

Now consider the RHS, ie, [(F,T) 5 (HMINRIG,Z) 5 (HM)]  Let
£ £

*
(ET) 5 (H, M)=(S,TuM), where for all keTUM;
&€

F'(w) WETM

S(w)=- H(w) weM\T
Flw)uH ()  @eTNM
Let (G,Z) ;8 (H,M)=(K,ZUM), where for all 9€ZUM;
G’ (w) weZ\M

K(w)= 1H(» weM\Z

G(w)UH () weZNM
Let (S,TUZ) Ng(K,ZUM)=(W,(TUZ)N(ZUM)), where for all we(TUZ)N(ZUM);

W(w)=S(w)NK(w). Hence,
F(9)NG'(w)
F'(o)NH’(w)

F(9)N [G(y)UH’(w)]
H(9)NG’(w)

W(w)= H'(9)NH’(w)

H’(9)N [G(w)UH(‘w)]
[F(w)UH(0)]NG’(w)
[F(w)UH(09)]NH’(w)

~[F(OL))UH’(U))]n [G(w)UH’(w)]
Thus,

we(TM)NEZM)=TNZNM’
we(TW)N(M\Z)=0
we(T\M)N(EZNM)=0
we(M\T)N(ZM)= @
weM\T)NM\Z)=T"NZ’NM
we(M\T)NEZNM)=T’NZNM
we(TNM)N(Z\M)=0
we(TNM)N(M\Z)=TNZ’NM
we(TNM)NEZNM)=TNZNM
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[ F(0)NG' () weTNZNM’

H() weT’NZ’NM
W(w)= H(w) weT’NZNM
() weTNZ’NM

[F(w)n G(w)]U H ()  weTNZNM

Here, when considering the M\(TNZ) in the function L, since
M\(TNZ)=MN(TNZ)’, if an element is in the complement of (TNZ), it is either in T\Z,
Z\B or in (TUZ)’. Thus, ifw € M\(TNZ), then weMNTNZ’ or w€ MNZNT’ or w€E
MNT’NZ’. Hence, L=W is satisfied if TNZNM=0

2) If TNZNM’=TNZNM=0, then

[(F.T) Nr(G.2)] 5 (HM=IET) ) (HMINRIG2) 5 (HM)]

Theorem 4.2. Let (F,T), (G, %), (H,M) be soft sets over U. Then, the following
distributions of the complementary extended lambda operation over extended soft set

operations hold:
i) LHS Distributions

DIf TN(ZAM)=0, then
(FT) 5. [(G.2) Ne(HMFIFT) 3 (GAIVLFET) 3 (HM)]

Proof: Consider the LHS. Let (G,Z2) N¢.(H,M)=(R,ZUM), where for all ®eZUM;
G(w) weZ\M
R(w)= - H(w) WeM\Z
G(w)NH(w) weZNM

Let (F,T) 5 (R,ZUM) =(N,(TU(ZUM)), where for all 9eTU(ZUM);
&

F’(w) weT\(ZUM)
N(w)=1 R'(w) WE(ZUM))\T
F(@)UR ()  weTN(ZUM)
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Thus,

F(w) WeT\(ZUM)=TNZ’ M’
G'(w) WE(ZM\T=T"NZNM’
H(a)) we(MZ)\T=T"NZ’NM
N(w)= | G*(6)UH’ () WE(ZNMN\T=T’NZNM
4 Flm)uG’(w) weTN(ZM)=TNZNM’
F(oy)UH () weTN(MZ)=TNZ’ M
F(@)U [G(0)UH’(w)]  @eTNEZNM)=TNZNM
Now consider the RHS, ie, [(ET)  (GZIUL(ET) 5 (M) Let
= & &

(F.T);(G.2)=(K.TUZ). Hence,
for all ®eTUZ;
F(w) WeT\Z

K(w) = G’(w) weZ\T
Fw)uG'(w) «weTNZ

Let (F.T) ;e(H,M)=(s,TuM), where for all ETUM:;

[ F(w) weT\M

S(w) =1 H(w) weM\T

F)UH'(9)  @¢eTNM

Let (K,TUZ) U(S,TUM)=(L,(TUZ)U(TUM)), where for all we(TUZ)U(TUM);
K(w) we(TUZ)\(TUM)
L(w)=1 S(w) we(TUM)\(TUZ)
K(w)US(w)  we(TUZ)N(TUM)
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Thus,
F(w)
G(w)
Flw)uG’(w)
F(w)
H’(w)
F(w)UH’(w)
F’(9)UF(w)
L(w)= - F'(0)UH’(w)
F’(9)V [F(y)UH’(w)]
G’ (w)UF(w)
G’(w)VH ()
G’ (9)V [F(w)UH’(0)]
[F(w)UG’(w)]UF (w)
[F(0)UG’(0)]UH’(w)
 [F(w)UG’(w)]V [F(w)UH ()]
Therefore,
G()

H’(w)

F(w)
L(w)=+U
G’(w)VH (w)
U

| [F())UG’ ()]V[F(w)UH(0)]

we(T\Z)\(TUM)=0
we(Z\T)\(TUM)=T’NZNM’
we(TNZ)\TUM)=0
we(T\M)\(TUZ)=0
we(M\T)(TUZ)=T’NZ’NM
we(TNM)\(TUZ)=0
we(T\Z)N(T\M)=TNZ’ M’
we(T\Z)N(M\T)=0
we(T\Z)N(TNM)=TNZ’M
we(Z\T)N(T\M)=0
we(Z\T)NM\T)= T’NZNM
we(Z\T)N(TNM)=0
we(TNZ)N(T\M)=TNZNM’
we(TNZ)N(M\T)=0
we(TNZ) N(TNM)=TNZNM

weT’ NZNM’
weT’NZ’NM
weTNZ NM’
weTNZ’NM
weT’NZNM
weTNZNM’
weTNZNM

N=L under the condition TNZNM’=TNZ’NM=@. It is obvious that the condition
TNZ’NM=TNZNM’=0 is equivalent to the condition TN(ZAM)=0

2) I TN(ZAM), then (E,T) 5 [(G.2) Us(MM)IFIET) 5 (G2IN(ET) 5 (M)

i) RHS Distributions

DIf TNZAM=@ , then [(FT)N, (GZ)] 5 (M= [ET) 5 (HM)] U

[(G2) 3 (HM)]
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Proof: Consider the LHS. Let (F,T) N¢(G,Z)=(R,TUZ), where for all iyeTUZ;
F(w) weT\Z
R(w) =+ G(w) WeZ\T
F(w)NnG(y) «@eTNZ

*
Let (R,TUZ) , (H.M)=(N,(TUZ)UM), where for all we(TUZ)UM;
&€

R’(w) we(TUZ)M
N(w)y= | H(w) weM\(TUZ)
R(w)UH () we(TUZ)NM
Thus,
| F(w) we(T\Z)\M=TNZ "M’
G’(w) We(Z\T)\M=T"NZNM’
F’(0)UG’(w) we(TNZ)\M=TNZNM’
N(w)= 4 H(w) weM\(TUZ)=T"NZ’NM
F(w)UH’(w) we(T\Z)NM=TNZ’NM
G(w)UH’(w) We(Z\T)NM =T’NZNM
| [F(@)NG(w)]UH(9)  we(TNZ)NM=TNZNM

Consider  the RHS, e, [(FT) ; (LM]U(GZ) 5 (HM)].  Let
£} &

(F.T) ;;(H,M)=(K,TUZ), where for all ©ETUM:;
F(w) weT\M
K(w)= 1 H(w) WeM\T
F(w)UH () oeTNM
Let (G.,Z) ;5 (H,M)=(S,TUM), where for all gyeZUM;

G’ (w) weZ\M
S(w)= 4 H(w) weM\Z
G(w)UH () weZNM
Let (K,TUM) U,(S,ZUM)=(L,(TUM)U(ZUM)), where for all we(TUM)U(ZUM);
K(w) we(TUM)\(ZUM)
Llw)= 1 S(w) WE(ZUM)(TUM)
K(@)US(®)  9e(TUM)NZUM)

Thus,
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F(w)

H(w)

F(o)UH’(w)

G’ (w)

H(w)

G(w)UH’(w)

F(0)uG’(w)

L(w)= 1 F(w)UH(w)
F(0)V [G(w)UH’ (0)]
H(9)UG’(w)
H’(0)UH’(w)
H(w)V [G(w)UH’(0)]
[F(0)UH’ (0)]UG’(w)
[F(w)UH’()]UH ()

| [F(w)UH’ () ]V [G(w)UH’(0)]

Hence,

F(w)

G(w)

F(9)uG’(w)

L(w)= | H(«w)

G(w)UH’(w)

F(w)UH’(w)

[F(o)UH’ (w)]U [G(09)U H'(w)]

we(T\M)\(ZUM)=TNZ’NM’
We(M\T)\(ZUM)=0
We(TNM\(ZUM)=0
We(ZM)\(TUM)=T’NZNM’
we(MZ)\(TUM)=0
We(ZNM)\(TUM)=0
We(TM)NZM)=TNZNM’
we(T\WM)N(M\Z)=0
we(TM)NEZNM)=0
We(M\T)N(Z\M)=0
We(M\T)N(M\Z)= T’ NZ’NM
we(M\T)N(ZNM)=T’NZNM
we(TNM)N(Z\M)=0
We(TNM)N(M\Z)=TNZ’NM
we(TNM)NEZNM)=TNZNM

weTNZ’ NM’
weT’ NZNM’
weTNZNM’

weT’NZ’NM
weT’NZNM
weTNZ’NM
weTNZNM

It is observed that N=L under the condition TNZNM’=@.

DIf  TNZOM=0, then [(ET)U; (GZ)] 5 (HM=(FT) 5 (HM)] U,

[(G2) 5 (M.

Theorem 4.3. Let (F,T),(G,2),(H,M) be soft sets over U. The following

distributions of the complementary extended

piecewise operations hold:

lambda operation over soft binary
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1) LHS Distributions

* ~ * ~ *
1) IfF TN(ZAM)=0 , then (F,T) xe[(G,Z) n HM)]=[(F.T) ;\S(G,Z)] ulET) AS(H,M)]-
Proof: Consider the LHS. Let (G.Z) , (HM)=(R,Z), where for all weZ;

G(w) weZ\M

R(w)=
G(w)NH(y) weZNM

*
Let (F,T) 5 (R,Z) =(N,TUZ), where for all ®€TUZ;
&

| F(w) WeT\Z
N(w)=1 R’(0) weZ\T
F()UR ()  weTNZ
Hence,
[ F(w) weT\Z
G’(w) We(ZM\T=T"NZNM’
N(w)= G’(w)UH’(w) We(ZNM)\T=T"NZNM
F(w)UG’(w) weTN(ZEM)=TNZNM’

. F(w)V [G*(w)UH(0)] wWeTN(ZNM)=TNZNM
k ~ * *
Consider the RHS, ie., [(F,T) , (GZ)] u[(F,T) L (HM)] Let (FT) 5 (G,
£ e £
Z)=(K,TUZ), where for all ®eTUZ;
F(w) WeT\Z

K(w)=1{G(w) WeZ\T
Fl)uG'(9) weTNZ

*
Let (F,T) , (H.M)=(S,TUM), where for all ®eTUM;
&
F(w) weT\M

S(w) = H(w) weM\T
F(w)UH(9) weTNM

Let (K,TUZ) (S, TUM)=(L,(TUZ)U(TUM)), where for all &(TUZ)U(TUM);

L(w) = | K(w) we(TUZ)\(TUM)
K(w)uS(w)  we(TUZ)N(TUM)
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L)= |U

Thus,

F(0)

G’(w)

F(o)uG’(w)
F’(9)UF ()
F’(0)UH’(w)

F’(w)V [F()UH’(w)]

L(@)= |G’ (w)UF’ ()

G’(w)UH (w)

G’ (y)V [F(w)UH (0)]
[F(w)UG’(0)]UF ()

[F(w)UG’(w)]UH’(w)

Hence,
G'(9)
F(w)

G’(w)UH(w)
U

[F(w)UG’(0)]V [F(w)UH ()]

L[F(w)VG’(w)]U [F(w)UH (w)]

we(T\Z)\(TUM)=0
we(Z\T)\(TUM)=T’NZNM’
we(TNZ)\TUM)=0
we(T\Z)N(T\M)=TNZ’ M’
we(T\Z)N(M\T)=0
we(T\Z)N(TNM)=TNZ’M
we(Z\T)N(T\M)=0
we(Z\T)NM\T)= T’NZNM
we(Z\T)N(TNM)=0
we(TNZ)N(T\M)=TNZNM’
we(TNZ)N(M\T)=0
we(TNZ) N(TNM)=TNZNM

WeT’ NZNM’
weTNZ’ NM’
weTNZ’NM
weT’NZNM
weTNZNM’
weTNZNM

Here, if we consider T\Z in the function N, since T\Z=TNZ’, if an element is in the

complement of Z, then the element is either in M\Z or in (MUZ)’. Thus, if w€T\Z, then
w€ETNMNZ’ veya ) €TNM’NZ’. Therefore, N=L under the TNZ’NM=TNZNM’=@ It is
obvious that the condition TNZ’NM=TNZNM’=@ is equivalent to the condition TN(ZAM)=0.

2) IFTN(ZAM)=0 , then (F,T) ;e[(G,Z) O (HM)] = [(E,T) ;S(G,Z)] C[(E.T) ;S(H,M)].

i) RHS Distributions

1) If TNZAM)=0, then [(ET)] (G.2)] 5 (HM) = [(ET) ) (HM)] | [G2) 5
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Proof: Consider the LHS. Let (F.T) | (G,Z)=(R.T), where for all €T;

F(w) weT\Z

R(w)=
F()uG(w) «weTNZ

*k
Let (R,T) 5 (HM)=(N,TUM), where for all ®eTUM;
&

R’(w) weT\WM
N(w)=1 H(») WeM\T
R(w)UH(w)  weTNM
_Thus,
F’(w) we(T\Z)\M=TNZ’ "M’
F(0)NG’(w) we(TNZ)\M=TNZNM’
N(w)y= H(w) @eM\T
F(0y)UH’ () we(T\Z)NM=TNZ’NM
| [F(w)UG(0)JUH(w) we(TNZ)NM=TNZNM

Now consider the RHS, ie,  [(ET), (HM)][[(G2) ) (HM)]. Let
& &

*
(F,T) 5 (HM)=(K,TUM), where for all 9eTUM
&€

F(w) weTM
K(w)={H(«w) weM\T
F(w)UH () «@eTNM
*
Let (G,Z) A (HM)=(S, ZUM), where for all ®eZUM;
&

G(w) weZ\M

S(w) =1 H(w) weM\Z
G(w)UH (09 weZNM

Let (K,TUM) J(S,ZUM)Z(L,(TUM)U(ZUM)), where for all we(TUM)U(ZUM);
K(w) we(TUM))\(ZUM)

L(w)=
K(9)US(w) we(TUM)N(ZUM)
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Thus,

L(w)=

F'(w)

H'(w)

F(w)UH’(w)
F(x)VG’(w)
F'(0)UH’(w)

F(w)V [G(w)UH’(0)]
H(0)uG’(w)
H’(9)UH’(0)

H(w)V [G(w)VH (w)]
[F(0)UH(0)]UG’(w)
[F(0)UH’(0)]UH’(w)
[F(w)UH’(w)]V [G(w)UH’(0)]

Hence,

L(w)=

F(w)
F(9)uG’(w)
H(w)

| G(w)UH(w)

F(o)UH (w)
[F(w)UH’(w)]V [G(w)UH’(w)]

we(T\M)\(ZUM)=TNZ’NM’
we(M\T)(ZUM)=0
we(TNM)\(ZUM)=0
we(TM)NEZM)=TNZNM’
we(TM)NM\Z)=0
we(T\M)N(EZNM)=0
we(M\T)N(Z\M)=0
we(M\T)NM\Z)= T’NZ’NM
we(M\T)NEZNM)=T’NZNM
we(TNM)N(Z\M)=0
we(TNM)N(M\Z)=TNZ’NM
we(TNM)N(ZNM)=TNZNM

weTNZ NM’
weTNZNM’
weT’NZ’NM
weT’NZNM
weTNZ’NM
weTNZNM

Here, if we consider M\T in the function N, since M\T=MNT’, then if an element
is in the complement of T, it is either in Z\T or in (ZUT)’. From here, N=L under
T NZNM=TNZNM’=@. It is obvious that the condition T’NZNM=TNZNM’=Q is
equivalent to the condition (TAM)N Z=0.

2) I TN(ZAM)=0, then [(ET) (G.2)] 5 (HM)=[(ET) 5 (HM)] 1 [(GZ) 5 (HM)]

5. Conclusion

Soft set operations are the most fundamental building block of soft set theory for the
progress of soft set theory in both theoretical and practical fields. Since the theory was
introduced in 1999, many restricted and extended operations have been introduced. This work

proposes and investigates the algebraic properties of a novel soft set operation, called
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complementary extended lambda operation. We deal with the distributions of complementary
extended lambda operations over other types of soft set operations. Since the concepts linked
to soft set operations are just as important for soft sets as basic operations from classical set
theory and thus examining the algebraic structures of soft sets in connection to new soft set
operations offers us a thorough knowledge of their application as well as new examples of
algebraic structures, we believe that this work contributes to the literature of both classical
algebra and soft set theory. To determine what algebraic structures are produced in the classes
of soft sets with a fixed parameter set or over the universe, future studies may look at different
types of complementary extended soft set operations along with their distributions and
properties. Moreover, this novel operation can be conveyed to bipolar soft sets, lattice ordered
soft sets and double framed soft sets and the researchers may explore which algebraic structures
are formed with this operation when combined with other operations, and new decision-making

methods may be proposed with the inspiration of the operation.
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